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^ , Abstract 

We show on-and off-diagonal upper estimates for the transition densities of symmetric 
Levy and Levy- type processes. To get the on-diagonal estimates we prove a Nash type 
inequality for the related Dirichlet form. For the off-diagonal estimates we assume that 
the characteristic function of a Levy (type) process is analytic, which allows to apply 
PLh ■ the complex analysis technique. 
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(N 1 Introduction 

oo ' 

Transition density estimates for jump processes received much attention during the recent 
years. Two-sided heat kernel estimates for a class of stable-like processes in R n were obtained 
by Kolokoltsov [29] ; Bass and Levin [4] used a completely different approach to get transition 
density estimates for discrete time Markov chains in 7L d with certain conductance. For the 
transition density estimates for a tempered stable process see [34] and the references therein. 
Chen and Kumagai [12] obtained two-sided heat kernel estimates and a parabolic Harnack 
inequality on d-sets, and further extended these results to symmetric jump-type processes 
on metric measure spaces [13]. Further results on two-sided heat kernel estimates and a 
version of the parabolic Harnack inequality for symmetric jump processes are contained in 
[2] and [3]. Pure jump processes whose jump kernel is comparable to the one of truncated 
stable-like process are considered by Chen, Kim and Kumagai [10]. See [11] for the heat 
kernel estimates for a class of symmetric jump processes in R n with exponentially decaying 
jump kernels. 
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The techniques of getting upper bounds are often based on the paper [9] by Carlen, 
Kusuoka and Stroock where on- and off-diagonal upper bounds for a class of symmetric 
Markov processes are obtained. The off-diagonal upper bound is obtained in [9] in terms of 
the so-called carre du champ operator which is uniquely determined by the Dirichlet form 
related to the Markov process. For Levy processes the expression of the carre du champ 
operator is hidden in the representation of the transition density provided the latter exists. 
Such observations suggest that in the case of Levy processes the off-diagonal upper bound 
can be obtained in a similar form as it was done in [9]. 

Our goal is to get the upper on- and off-diagonal transition density estimates for certain 
classes of Levy and Levy-type processes. In Section 3 we prove the equivalence of the 
Nash type inequality to the existence of the transition density of the related semigroup 
of probability measures, and find an on-diagonal upper bound for the density. Then we 
apply these results to study the estimates for the transition density of Levy processes whose 
characteristic exponent is of the form /(|£| 2 ), where / is a (complete) Bernstein function. 
The main result, Theorem 6, is contained in Section 4: if the Levy process has no diffusion 
part and if it has exponential moments, we can use the complex analysis technique to get 
the off-diagonal upper estimates for the transition density provided it exists. 

As a by-product we show that the function which controls the off-diagonal behaviour 
of the transition density is exactly the rate function of the Levy process, coming from the 
theory of large deviations. As an application in Section 5 we show that under the conditions 
of Theorem 6 the transition density satisfies the large deviation principle. 

In Section 6 we show how the results obtained in the previous sections can be generalized 
to a large class of Levy-type processes. 

Notation. N, E, C are the sets of positive integers, real numbers and complex numbers, 
respectively; R n is the n-dimensional Euclidean space; C£°(R n ) are the test functions, S , (R") 
is the Schwartz space of rapidly decreasing functions on R™. By / x g we indicate that there 
exist some positive constants Ci, C2 such that c\f ^ g ^ c-ij ■ We write B(x,r) for the open 
ball with centre x and radius r. 

2 Preliminary results 

In this section we will briefly recall some basic facts on continuous negative definite functions 
and Dirichlet forms which we will need later on. 

An n-dimensional Levy process X = (X t ) t ^ is a stochastic process with values in R n 
with stationary and independent increments and stochastically continuous sample paths. 
It is well known that such processes are — up to indistinguishability — characterized by the 
characteristic function 

and the characteristic exponent ip : R™ — > C. The exponent ip : R n — > C is a continuous 
negative definite function (in the sense of Schoenberg) which is equivalent to saying that tp 
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enjoys a Levy-Khintchine representation, 

HO =U'Z+U-QZ+ f ( 1 - e*» + t^tV) "(<*!/)■ (!) 

2 Jr«\{o} V i + lz/l / 

Here £ G R n , Q G R raxra is a positive semi-definite matrix, and v(dy) is the Levy measure, 
i.e. a measure on R n \{0} such that / E ^{ }(1A \y\ 2 ) vidy) < oo. The triplet (£, g, z/) uniquely 
characterizes ^, hence X. 

Note that negative definiteness of ip does not mean that — ip is positive definite. Note 
also, that continuous negative definite functions are always polynomially bounded: 

^(OKc^l + iei 2 ), cv = sup |^(77)|- 

A standard reference for these and further properties is the monograph [22]. 

In this paper we will only consider real- valued ip with Q = 0. Thus, (1) becomes 

lK0= / (1 - cos(e • y)) i/(dy) (2) 

JR"\{0} 

and the associated Levy process X is symmetric in the sense that law(X t ) = law(— X t ). 
Let ^ : R n — >■ R and write = (27r) _n J u(x) e~ lx '^ dx for the Fourier transform. Then 

-^(D)u(x) = -[ e fa -^(0fi(0de, iiGC »(n (3) 

JR™ 

is a pseudo-differential operator with symbol ^. It is not hard to see that —ip(D) coincides on 
the test functions C^°(R n ) with the infinitesimal generator A of the Levy process X. More 
precisely, if we denote by P t u{x) : = Ew(X t + x) the convolution semigroup associated with 
X, Pt\c°°(R n ) can be extended to a strongly continuous, symmetric sub-Markovian semigroup 
on each L p (R™, dx), p G [1, oo), as well as on the space of continuous functions vanishing at 

infinity: C 0O (R") := Cq°(R™)" In any case, C^°(R' 1 ) is an operator core, and the closure 
of — i/;(D)\cg°(Rn) is the L p -generator. On C^°(R n ) it is also possible to express the semigroup 
(-ft)t^o as pseudo-differential operators, 

P t u(x)= f e^e-Wuftdt, u G C^°(R n ), (4) 

see e.g. [22, Chapter 4]. 

We are mostly interested in the L 2 setting. The domain of the L 2 generator is a concrete 
function space 

H^ 2 {W) := qp(R^)"' lk2 ^ere \\u\\l 2 = U{D)u\\\ 2 + \\u\\l 2 , (5) 
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see [22, Chapter 4.1]. Denote by E^(u,v) the Dirichlet form associated with —ijj(D), see [22, 
Example 4.7.28]. It is given by 

£*(«,«)= / mu(ZM)dt 

n (Q) 

Iff w 

— 2 I I ( u ( x + y) — u ( x ))( v (x + y) — v(x)) u(dy) dx. 



The domain D(£^) = if^'^R") is the closure of Cg°(R n ) with respect to the norm induced 
by the scalar product 

Ef(u,v) := £^(u,u) + (u,v) L2 . 

In Section 4 we will need the notion of a carre cfai champ operator to show the off- 
diagonal upper bound for the transition density. Below we give the definition of the carre 
du champ operator in the sense of Bouleau and Hirsch for a general Dirichlet form (£,£)(£)) 
on L 2 (il,m), see [8, Definition 4.1.2]. As usual, m is a positive cr-finite Radon measure on a 
locally compact measurable space (fi, 5F). 

Definition 1. We say that a Dirichlet form (£,D(£)) admits a carre du champ if there 
exists a subspace C of D(E) fl L^Q, m) which is dense in D(E) such that for all / G C there 
exists a function / such that 

2E{fh,f) - E(h,f 2 ) = J hfdm for all h G D(E) fl L 0O (Q, m). 

If the assumptions of Definition 1 are satisfied, then there exists a unique positive sym- 
metric and continuous bilinear operator T : D(E) x D(E) — > Li(Q,m), called the carre du 
champ operator, such that for all f,g,h& D(E) fl L^Q,, m) 

E(fh,g) + E(gh,f)-E(h,fg) = J hT(f,g)dm (7) 

cf. [8, Proposition 4.1.3]. For a Levy process we have an explicit representation of the carre 
du champ operator 

F(u, u) = T'^u, u) = \ [ (u(x + y)- u{x)f u{dy) (8) 

where v is the Levy measure and ip is given by (2). 

We are particularly interested in radially symmetric negative definite functions ip : R n — > 
R. In this case = /(|£| 2 ) for some function / : [0, oo) — > [0, oo). In order that 

£ l— ^ /(l^| 2 )) £ ^ I& n > is negative definite for every dimension n ^ 1 it is necessary and 
sufficient that / is a Bernstein function. This is a classic result by Schonberg and Bochner, 
see [33] or [25]. 
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Definition 2. a) A real-valued function on [0, oo) is called a Bernstein function, if 

f(t)=a + bt+ I (1 - e- st ) fx(dt) 

J(0,od) 

with a, b ^ and a measure ji on (0, oo) satisfying J*( 0oo )(l A £) /x(<i£) < oo. 

b) A Bernstein function is said to be a complete Bernstein function if the representing 
measure fj,(dt) is of the form m(t) dt with a completely monotone density m(t), i.e. 
where m{t) is the Laplace transform of a positive measure on [0, oo). 

Bernstein functions are equivalently characterized by the requirement that 
/ G C°°{0, oo), / ^ 0, and (-l)V (fc) (^) < for all k ^ 1. 

For the properties of Bernstein and complete Bernstein functions we refer to [22, Chapter 3.9] 
and [33]. For our purposes we will only mention the following estimate 

u\ 

\f( k )( x )\^-f( x ), k>0,x>0. (9) 



3 An on-diagonal estimate for the transition density 

In this section we will prove the equivalence of the Nash type inequality for general Dirichlet 
forms and the absolute continuity of the related probability measure with respect to Lebesgue 
measure on R"; then we will establish an upper bound for this transition density. For the 
special case where f(x) = x a , < a < 1, we refer to [9] and to the discussion in [5]. The 
importance of Nash and Sobolev type inequalities for (symmetric) Markovian semigroups 
has been pointed out in the monograph [35]. 

Let / be a Bernstein function, (£,£>(£)) be a symmetric regular Dirichlet form with 
generator (A,D(A)) and associated L 2 (R n )- sub-Markovian semigroup (Pt)t^o- Since the 
operators P t are symmetric, we may (and do) extend P t to the whole scale L p , see e.g. [15]. 
By H-Pf ||l p ->l, we indicate the corresponding L p -L q operator norm. 

Proposition 3. Let (Pt)t^o be the semigroup associated with the regular symmetric Dirichlet 
form (£,.D(£)) and let f : (0, oo) — > [0, oo) be some differentiable function such that f is 
subadditive, 

1 

f'(x)>0 and f'(x) < - f(x) for all x > 0. 

Ob 

Then the following Nash inequality 

4/rA 

^ Co [£(«,«) + 5\\u\\ 2 L2 ], (10) 



u 



L-2 



f 



m\L 2 

\ U \\Li 
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(Co > and 5^0 are some constants) holds if, and only if, 

n/2 



t \\L\~^L 



r 1 



JlSt 



(11) 



where the constant 7 > depends only on Co, and 5 is as in (10). 



Proof. Assume that (10) holds. Fix some u G D(£) nL 0Q (R n ) nL^(R n ) with ||«|| £l = 1 and 
set u t {x) := P t u{x) and <f>(t) := e' 251 \\u t \\l 2 . Since £(«,«) = || (-A) 1/2 u\\l 2 and |P t = AP t 
we find 

-^ = 2e-^[£K^) + 5||^||y >e-^^M\lj{\\u t \\t) 

^0 

For the last estimate we used the fact that /(e 4<5t//n 2 (t)) ^ f((j) 2 (t)). It is not hard to see 
that for each n G IN the function fi(x) := f(x l l n ) enjoys the same properties as /: it is 
strictly increasing and 

f[( x ) = -f( x 1/n )x 1/n - 1 < - f{x 1/n )x- l/n x 1,n - 1 < -A(x). 



n 



n 



Combining this with the above estimate for 0' we get 

1 V 2/;(0 2 )00' 



2 0' 4 0/!(0 2 ) 



Jl(0 2 )7 /l 2 (0 2 ) " 0/l(0 2 ) " C O 0/l(0 2 ) Co 

Now we integrate (12) from to t and conclude 

1 



(12) 



1 1 



4 

> — t 



or 



/i(0 2 (O) /i(0 2 (O) /i(||«||K B ) C ° 

n/2 



^0 



This implies that 



n/4 



e St , 



\\- r t\\L 1 ^L 2 

and, by the usual semigroup and symmetry arguments, see e.g. [35], we finally get 

-1 n/2 



^IUi-kLoo ^ ||-f*/2|Ui->-L2 ' ||-f*/2||z,2->-ioo — 11-^/2 1 1 la -kL 2 ^ 



which is (11) with 7 = 4/Cq 
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Conversely, assume that (11) holds. Let v € D(A) n I-oc(IR n ) n L+(R n ) and set v t (x) : = 
e- St P t v(x). Then |H| Loo ^ \\v\\ Ll [f- 1 (l/yt)] n / 2 , and 

v t — v — / (5id+A)i> s ds. 

Since P t and A are self-adjoint operators, 

(v,P t v) L2 < |M|| 2 and (u, Au t ) La = e- ft (^A^> L2 = e'^H (AP^IlL < £(v,v). 
Therefore 



r 1 



and we arrive at 



-i n/2 



> Iblkill^lkoo > (u,ut)L a = IN 



(v, (5 id +A)v s ) L2 ds 



>\Hl 2 -t [8.(v,v) + 8\\v\\l 2 }, 



5\\v\\l 2 + 8.(v,v) 



\L 2 



\L 2 



n/2 



Choosing t = <o = l/ 7 /( (7^-) ) , we get 



NIL/ 



M La 



4/n N 



[£(«,«) + %||i a ]. 



Since / is subadditive, we see that \f(y) ^ /(y/4) ^ f(y/A 1 / n ) and this yields (10) with 
C = 8/7. ' □ 

We can apply Proposition 3 to get on-diagonal estimates for a wide class of Levy processes 
which are subordinate to Brownian motion. It is well-known that the symbols of such Levy 
processes are of the form £ 1— > /(|£| 2 ) where f(x) is a Bernstein function. The corresponding 
Dirichlet form can be expressed as 

£^I 2 )( M?M)= f f(\^)\u(0\ 2 dt ueC™(R n ). 

From a function-space point of view this representation is rather complicated and it is desir- 
able to get an equivalent representation involving differences of the function u, cf. [25]. Let 
us, for simplicity, assume that f(x) has no linear term. Under the additional condition that 
there exists some < k < 1 such that 



t !->■ f(t)t K is increasing as t — > 00 
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it was shown in [28] and [30] that 

£*(«,«) = £/ / \u(x) 

z JR» JB(0,1) 



U 



f 



dy dx 



where 



lM0:= / (1 - cos(C • y))f (r^) 

Jb(o,i) VM / 



x — yy J \x — y\ 
dy 



\y\ 



(13) 



is a negative definite function, defines an equivalent Dirichlet form. This is to say that 
£>(£/(H 2 )) = D(E^) and that 



&W>(u,u) + (u,u) L2 x E^(u,u) + (u,u) 



L 2 



for all u G L>(£ /(l ' |2) ) = D(E^). 

Obviously, if the Nash inequality (10) holds for S^ 1 , it also holds for £-^H ) and vice 
versa. Note that the Bernstein function / satisfies the assumptions of Proposition 3. 

Lemma 4. Let f be a Bernstein function without linear term such that for some k G (0, 1) 
the function t i— >• f(t) t~ K increases as t — >■ oo. Then the transition density of the Levy process 
with Levy exponent /(|£| 2 ) ( or ) exists and there exist suitable constants c > 0, 7 G (0, 1] 
such that 



p t (x) < c 



1 ™/ 2 



, for all < t ^ 1 and x G R" 



(14) 



Proo/. We check (10) for the Dirichlet form E^ 1 . Let u G Loc(R n ) n Li(R n ) and fix some 
< r < 1. Then 



— It 

E" J B(x,r) \ x ~~ y\ 



f 



1 



dy dx 



F - s/i 

— u(y)\ 2 dy dx 



MP J B(x,r) 



R" 



(«(a:) - u(j/)) dy 



B(x,r) 



dx 



= c'f (^) IK)-- 



u(x) — U r I (fa 



2 



where u r := r n V n j B ^ x r ^ u(y) dy and r n = it 2 /r(l + |) is the volume of the unit ball B(0, 1) 
in R™. Now observe that 



KlUi ^ 



R n T n T J B(x,r) 



\u(y) I dydx 



—J f 

T n T n JB(0,r) JR n 



u(x + y)\dxdy= \\u\Ilj_ 
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and that ||w r || Loo ^ T n 1 r n \\u\\ Ll . By Holder's inequality we get 



1 1 2 — 1 1 1 ^ 1 1 L\ 

\ u A\l 2 ^ \\ u r\\ Leo ■ llUrllLj ^ T„ 



n r . n 



and so 



\\ U \\l 2 = W U ~U r + U r \\ L2 ^ 2 (\\U - U r \\ L2 + |K|| i2 

Thus, we arrive at 



) ^2\\u-u r \\\ 2 +2^ 



kill, ^ 



\L 2 ^ /(l/ r 2) ° ^,^-r«-' ||«||Li- 

We will now distinguish between two cases. Let h(r) := r n /f(r~ 2 ). 
Case 1. Suppose that \\u\\ 2 Li < h{\) E^(u, u). Since 

lim h(r) = lim (x n fix 2 ))' 1 = 0, 

the equation h(r) = \\u\\ 2 Li / E,^ 1 (u, u) has a solution r G (0,1). Substituting E^iu^u) = 
\\u\\ 2 Li /h(r ) into (15) with r = r yields 



(15) 



Hli 2 ^2cr -"Hi l 



'U 



Li 



u 



Li 



e^ («,«) 



A few elementary rearrangements give 

E^(u,u) ^ 



2/n 



which becomes (10) if we express h in terms of /. 
Case 2. || 

^ ^(1) £^ 1 (m,m) where c is the constant appearing in (15). Take r — 1 in 

(15). Then 



MIL < 2 c H^llii, 



I| m |^ 2 j J ^ C. This implies (10), and by Proposition 3 we get 

(14). 



□ 



There is a related situation where we can apply Proposition 3. Consider a Levy process 
with the symbol 
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where g is a complete Bernstein function. By [25, Theorem 3.5], the corresponding Dirichlet 
form E^°°(u,u) is equivalent to the Dirichlet form 



where 



R" 



M*)== / r^-dsdr 

J0 Jr s 



is also a complete Bernstein function. It is easy to see that the Dirichlet form E^°°(u,u) 
satisfies (10) with 5 = 0. Hence we get 

Lemma 5. Let g and (j, be as above and let X be the Levy process with symbol ipoo(0 ( or 
li{\^\ 2 )). Then X has a transition density p t (x) and there exist suitable constants c, 7 > 
such that 



p t (x) ^ c 



n/2 



for all < t < 00, x e R n . (16) 



4 An off-diagonal estimate for the transition density of 
Levy processes 

In this section we prove an off-diagonal upper estimate for the transition density of a class 
of Levy processes. Let X t be a Levy process with symbol ^(0 an d convolution semigroup 
fi t (dy), t ^ 0. It is known that Ht{dy) has a density Pt{dy) with respect to Lebesgue measure 
if, and only if, T t f := f-k^t is continuous for all Borel measurable functions /, cf. [22, Lemmas 
4.8.19, 4.8.20]. Apart from this criterion there are no good necessary and sufficient criteria 
for the existence of a transition density p t {x). Assume that p t {x) exists; since Pt{i) = e - *^, 
we have necessarily 

p t (x) = [ e l ^ x - tm d£, x G E n , t > 0. (17) 

This shows that the growth of tp as |£| — > 00, e.g. ■?/>(£) ^ for some < k < 2, 
guarantees that (17) converges absolutely. More generally, one has sufficient conditions 
due to Hartman-Wintner [18] and Kallenberg [26], see Bodnarchuk and Kulik [6] for the 
n-dimensional situation. 

Throughout we will assume that the Levy process X t has a transition density pt{x) for 
all £ > and that the Levy measure v[dy) satisfies 



/ 



e a ' y v(dy) < 00 for all a e E n . (Al) 



Note that (Al) is equivalent to saying that the Levy process has exponential moments, cf. 
Sato [31, Theorem 25.3]. Under (Al) the function 

w(z) := \ [ {e^ - 1) (e- z -y - l) u(dy) = [ (l - cosh(^ • y)) u(dy), 
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exists for any z G C n , Zj = £j + irjj, j = 1, . . . , n. In what follows, we write £ = . . . , £„), 
?7 = (771, ... , ?7„). Observe, that for £ = 0, i.e. z = irj, we have 



(irj) = 11 (e^y - 1) (e-^y - l) u(dy) 

1 " (18) 
(1 - cos(y • 77)) v(dy) = ipij]). 



w 



This means that we have w(£) = r(e ? ',e~ ? ) for £ G R n ; here T(u,u) is the carre du champ 
operator associated with by (8). 

Let us briefly recall Carlen, Kusuoka and Stroock's upper bound for the transition density 
p t (x,y) of a general symmetric Markov process; for details we refer to [9, Theorem 3.25]. 

Let (X t ) t ^ be a symmetric Markov process given by a regular Dirichlet form (£, D(E)) which 
admits a carre du champ operatorT(-, •). Assume that there exists some <fi G -D(£)nL 00 (R n )n 
C b (R n ) such that 



Loo < °°- 



7(0) := ^/||e- 2 *r(e*,e*)|| Loc V ^\\e^T(e^,e-^) 
If the Dirichlet form (£,£>(£)) satisfies a Nash inequality with f(x) = x a , i.e. if 

\\u\\l a J n ^A(E(u,u) + 5\\u\\l) \\u\ff n , 
then the (X t ) t ^ has a transition density p t (x , y) and 

p t (x, y) < ci t' n/a e ^ 2 W-\^)-Hy)\+c 3 t ^ 
for all t > and almost all x, y G R n . 

Even in simple situations it is a non-trivial task to find concrete functions which also 
lead to reasonable estimates in (19). Therefore we aim for a different way to derive a concrete 
off-diagonal upper bound for the transition density p t (x) of a Levy process. Let 

Qt(€, x):=i£-x- tw(i£) =i£-x- tip(£). 

Observe that Q t (i£,x) resembles the exponent of the upper bound (19). It is therefore 
a natural question whether it is possible to apply complex analysis techniques to get off- 
diagonal upper bounds similar to those in (19). 

Let us look closely at the properties of w. For £ G R n we have: 

i) w\ftn is even and Vw(£)|^=o = 0; 

ii) w(z) is an analytic function in each variable Zj G C, j — 1, . . . , n; by Hartogs' theorem 
it is analytic in C n . 
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iii) w\^n is concave, i.e. for all G R n and t G (0,1) one has w(t£ + (1 — t)£') ^ 
tw(£) + (1 — t)w(£'). This follows directly from Holder's inequality. 

iv) w\-Rn attains its maximum at £ = 0. This follows immediately from i) and iii). 
Consider the function 

Vt(S,x):=-Z-x-tw(Z), £gR". (20) 

Due to iii) it attains its minimum in £ at some point £ = argmin^ v t (£, x). Since v t (0, x) = 0, 
we have v t (^ ,x) ^ for all x G E n , and v t (£ ,0) = 0. The following function plays a key 
role in the off-diagonal upper estimate. Write 

D t( x ) '■= ~ v t(£o,x) where £ = €o(t,x) = argmin u t (f, x). (21) 

Theorem 6. Let (X t ) t ^ be a Levy process with symbol ip(£). Assume that X t has for all 
t > a transition density and assume that tp satisfies the Assumption (Al). Then 

p t (x) ^ e- D t (x) p t (0) for all x G E n , t > 0, (22) 

where D^{x) is given by (21). 

For the proof of Theorem 6 we need a few properties of the function D\. 

Lemma 7. i) For all t > 0, the function x >->■ D^(x),x G R™ is even and increasing as 
\x\ — > oo; 

ii) D t (x) = if and only if x = 0. 

iii) Df(x) < M- for all x G R n and t > 0. 

; * v ; Act J 

Proof, i) Since x >->■ r(e^' x , e"^) is even, 

imnt) t ((,x) = mmt> t (— £, — x) = minv t (£, — x), 

and therefore £,o{t,x) = —£,o{t, —x). This can be used to show 

v t (to(t, x),x) = -&>(*, x)-x- tw(£ Q (t, x)) 
= £ (t, -x) ■ x - tw(-£ (t, x)) 
= -&>(*, -x) ■ (-x) - tw(£ (t, -x)) 
= v t (£ (t,-x),-x), 

which implies that x h-> D%(x) is even. That D^(x) increases as |x| — > oo follows directly 
from the definition. 

ii) Since v t (£o,x) is non-positive and since v t (£o,0) = it is obvious that D t (x) = if, 
and only if, x = 0. 
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iii) By Taylor's theorem there exists a constant c > such that 

/ (cosh(£ • y) - l)v{dy) > c|£| 2 for all f G R n . 

Then for all x G R n 

vt(Z, x) = -i-x- tw(0 >-i-x + ct|£| 2 ; 
if we minimize this expression, we get —D^(x) = v t (£ ,x) ^ — \x\ 2 /(Act). □ 

We are now ready for the 

Proof of Theorem 6. In order to estimate J Rn e® 1 ^'^ d£ we apply the Cauchy-Poincare theo- 
rem. Since w can be extended analytically to C n , the function Qt(z, x) is analytic in z G C n . 
Without loss of generality we may assume that £o > 0, in the case £ < the arguments are 
similar. Consider the domain 



G := Iz G <D n : Imz = tf„, < t < 1, Rez G Jlf-M,-, M,-], M,- > 0, 1 ^ j < 



(24) 



This is an n + 1-dimensional cube with base |z G C n : Re z G ]^[™ =1 [— Mj, M,], Imz = oj 

and lid |z G C n : Rez G ]^[" =1 [ — Af^ , Af^] , \vcvz = £o|- Since the number of sides of G is 
even, we can fix some orientation on dG such that base and lid have opposite orientation. 
By the Cauchy-Poincare theorem 

/ e Qt(z ' x) dz\ A dz 2 A • • ■ A dz n = 0. (23) 

JdG 

Consider the integrals over the sides (except the base and the lid) 

f e Q t {M±is£ ,x) ds ^ where m = {±M u ...,±M n ) 
Jo 

and recall that Qt{£, x) = i£ ■ x — tw(i^). After some rearrangements we get 
ReQt(M + irj,x) 

= Re \i(M + ir ] )-x- t - [ (e« M+ir, > v - l) ( e ^ M+iTI > y - l) v{dy) 

— —r) ■ x — t (l — cosh(r7 • yj) v{dy) —t cosh(?7 ■ y)(l — cos(M • y)) v{dy) 
^ —tip(M) — rj ■ x — tipiirf). 
Therefore, 

\ e Qt(M±is£ ,x)\ ^ e -tij>(M)-T)-x-til>(isZo) 
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which means that the integrands in (24) tend, uniformly in s, to as \M \ — > oo. Therefore, 
(23) becomes, as \M\ — > oo, 

f e Qt(Z,x) d £= f e Qt(i+iM d ^ 

Since 

ReQt(£ + i£o,x)=Vt(Zo,x)-t / cosh(£ • y)(l - cos(£ • y)) v{dy) 

o t (M-^(0, 

we finally get 

We can combine Theorem 6 with the on-diagonal estimates from Section 3, e.g. with 
Lemma 4. Note that all processes satisfying the assumptions of Lemma 4 automatically 
have transition densities. 

Corollary 8. Let (X t ) t ^ be a Levy process with symbol ip\ as in (13) where f is a Bernstein 
function without linear term and such that /(0) = 0. Then there exist suitable constants 
c, 7 > such that 



p t (x) < ce~ D ^ x) 



n/2 



for all < t < 1, x E R n . (25) 



Since the representing measure v(dy) has compact support, (Al) is satisfied and the 
proof follows by Lemma 4 and Theorem 6. Note that we do not require the growth condition 
imposed on / in Lemma 4, since this was only used to show the equivalence of the Dirichlet 
forms £^ and £-«H 2 ). 

Example 9. Let us indicate a few generic examples for our estimates. Since we require 
exponential moments, our Levy measures v must satisfy j^ >1 e^' y u(dy) < oo for all £ G R ra . 
Typically, this can be achieved if supp v is bounded, see Examples i) and ii) below, or if 
v has an exponentially fast decaying density, as in Example iii). For simplicity we restrict 
ourselves to the one-dimensional setting n = 1 and estimates for pt(x) with x/t — > oo, e.g. 
where x ^> 1 and t > is fixed. 

i) Assume that supp v C [—1, 1] and that v(dy) = g(y) dy for some density function g(y). 
This covers the situation of (13) and Corollary 8. 

For our heat kernel estimate we need to control the behaviour of the function i>t(£o, x) 
from (20) at the point £o — argmin^ t>t(£, x). For symmetry reasons we only have to 
consider the case where £ > and x > 0. Clearly, 



v t 



(£, x) ^ -ix + c t£ V J ^ y 2 g(y) v{dy) ^ -£x + Cl te^ 
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for some for some e > and suitable constants c and C\. We will now minimize the 
expression on the right-hand side. From 

^ + Cl te^ 1+£ )) = -x + tci(l + e) e« 1+e > = 

we find the critical point for the minimum of the right-hand side 



In 



x 



1 + e \td(l + e) J ' 



and so 



If, as in Corollary 8, g(y) = f(\y\ 2 )/\y\ n the upper bound becomes for x ^ 

p t (x) < ce"^ 



\x\ 



<e 1+6 ln V* c i( 1 +E)/'^ 1 + 



1/2 



for suitable constants 7, £ > 0. 



Assume that supp v C [—1, 1] and that v is discrete. Let us consider the case where 
V W> = EZo 2° n + 5-2-») and < a < 2. Since i/ = £~ 2 an (5 2 - + 5-2-) 
corresponds to the so-called a- semi- stable process, see [31, Example 13.3], we can use 
[31, Proposition 24.20] to get V'oCO ^ c l£l" f° r some c > and all |£| ^ 1. Since the 
characteristic exponents ip and ip corresponding to v and v satisfy ^(0 x V'o(C) f° r 
large values of |£|, we also have V'(£)^ c 'l£| a >l£l^-'-- This means, in particular, that 
a transition density p t (x) exists. 

Note that all our calculations for the upper estimate for v t (£, x) from the first example 
remain valid and, what is more, up to the constant C\ = Ci{v) they depend only on the 
(size of the) support of the Levy measure, but not on the particular form of v. This 
means that we can also in this case estimate the transition density by 



Pt{x) ^c 2 t <* e 



Assume that v{dy) = u (dy) + t\ y ^i e dy where f3 > 1 and where u is as in Example 
i) or ii). 

In this case the behaviour of vt(£,x) is determined by the tail of the measure. As 
before, we first estimate v t (£,x) from above for x > and £ > 0: 



/oo 



dy. 
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In order to find the asymptotics of ii(£) := e^ y ^ dy we use the Laplace method, 
see [14, §18, p. 58]. It is known that for sufficiently smooth functions h the integral 
lh(0 '■= Ja e h ^' yS> dy where a,b G [— oo, +oo] satisfies 



In the expression above y Q is the (unique) point where h reaches its maximum. If we 
use h(£, y) = £y- y^ and y = (|) , we get 

HZ, Vo) = -C/3,1 ^ where C/M = (8 - 1)6^ 

Observe that for £ — > oo 

v t (£, a;) < /(£, t) = -£x + t C/3 , 2 £^ e c ^^ . 
The point where f(-,x,t) becomes extremal satisfies the equation 

= f^,x,t) 

2 — 3 2-/3 , JLf R , 2-fl , f /r 

Rather than solving this equation for £ explicitly, we determine the asymptotic be- 
haviour of the solution as x/t — > oo. Note that f'^,x,t) = if, and only if, 

Taking logarithms on both sides we arrive at 

\ — 

£=(-Llog(|)J " + °( lo sf) as f->°°> 



hence, 



as well as 



v t (to,x) ^ -(1 -e)x (— log (j) 



-(l-^(^ log(i 



Pt(z) < Pt(0)e 

With considerably more effort it is possible to obtain the exact asymptotics of v t (£o, x) 
and p t (x), see [27, Proposition 6.1] by Kulik and one of the present authors. 
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5 An application to large deviations 

In this section we will show an application of Theorem 6 to the theory of large deviations. 
We show that the transition density (17) satisfies the large deviation principle (LDP) with 
the rate function D^(x). 

Let us briefly recall the LDP. Let (X t ) t ^ be a Levy process associated with transition 
function /i t (dx). Moreover, we assume that X t has exponential moments, i.e. 



/ 



e y - x fi t (dy) < oo for all A G E n and t > 0. (A2) 



By [31, Theorem 23.5], this is equivalent to our assumption (Al). Therefore, we can extend 
ip analytically from R n to C™. 
Let 

A;(M) :=sup{£-:r-A M (£,t)}, 



where 



By nf\dx) we denote the probability measure related to := |X^=i-^t> where X{ are 
independent copies of X t . It is known, see e.g. [17, Chapter 3], that under (Al) the sequence 
of measures {jjLf\dx))^\ is exponentially tight and, by Cramer's theorem, it satisfies the LDP 
with good rate function A*(x,t), i.e. for all measurable subsets BcE" the inequalities 



- inf A^OM) ^ lim ^log^(S) < lim -Aog^\B) ^ - inf k*{x,t). 

x&B° p t t^rco I xeB 



hold; B° and B are the open interior and the closure of B, respectively. Clearly, A*(x,t) = 
—v t (l;o,x) = Df(x). By Theorem 6 we have the analogue of the LDP for the transition 
density pt(x) from Theorem 6. 

Proposition 10. Let (X t )t^o be a Levy process with symbol ?/>(£) satisfying 

lim ?}®,^ > C. (26) 

Assume that (Al), or equivalently (A2) ; holds. Then X t has for all t > t := n/C a 
transition density p t (x) and for all t > t 

lim l ° gP f x) = -D^x). (27) 

Proof. Condition (26) is the Hartman-Wintner condition which ensures that X t has a (con- 
tinuous) transition density for all t > to — n/C, see [18]. Clearly, we may follow the 
arguments of the proof of Theorem 6 whenever p t (x) exists, i.e. for t > t . 
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As in the proof of Theorem 6, we can write the transition density p t (x) as 

p t (x)=e VtM) [ e A *>*>to& 
where £ , v t (x,£o) are as before, and A t;X ^ := Qt(£ + i£o,x) — v t (£o,x). Note that 

^Pt(O). 













J~R n 



(28) 



By (26) we obtain for k ^ to 
logp fc (0 



A: 



< log 



-kC log(l+ 



1/fc 



log 



R- (l+lel) fcC ' 



1/fc 



1 , 1 fc->oo „ 



Because of (28) 



and since i>#(£, = — £(, ■ x — £tw(£), it is clear that £ = argmin^ v t (£, x) does not depend 
on I. Hence, 

-Dl{x) = v et (£ ,ex) = ev t (£ ,x) = -tD\{x). 
Combining the last two formulae we get 



. logp ft (£a;) 



lim 



= lim 

6 Estimates for Levy-type processes 



log/ Rn e^.".«ott)d£ loge^ D ?( 



+ lim 



= ~D 2 t {x). 



□ 



In this section we generalize the results obtained in Section 4 to the case of pseudo-differential 
operators with continuous negative definite symbol. We show that under some conditions 
one can construct an upper bound in the form similar to (22) for the transition density 
of a Markov process related to a pseudo-differential operator. Typical examples are Feller 
processes such that the test functions are in the domain D(A) of their generator, cf. 
[22, 24]. 

Let u G C£°(R n ). Consider the operator 



q(x,D)u(x) = [ e**q(x,t)u(t)dZ, 



(29) 



where q : R n x R n — > R is locally bounded and for each x G R n the function q(x, •) is con- 
tinuous negative definite. This means that q(x, £) admits a Levy-Khintchine representation: 



q(x,Z) = U-Q(x)Z+ f (l-cos(y-O) N(x,dy), x G R n , 

1 -/R"\{0} 



(30) 
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where Q(x) = (Qjk(x)) G R nxn is a positive semi-definite matrix, and N(x,dy) is a Levy 
kernel, i.e. for fixed x G R n it is a Borel measure on R n \ {0}, such that 

I (\y\ 2 A I) N(x,dy) <oo. 

JR n \{0} 

Such an operator q(x, D) is called a pseudo-differential operator with real-valued continuous 
negative definite symbol. Using Fourier inversion the following integro-differential represen- 
tation for u G C£°(R n ) is easily derived: 

1 n f 

-q(x,D)u(x) = -y2Q jk (x)d j d k u(x)+ I (u(x + y) - u(x)) N(x,dy). (31) 

2 j,k=i jRn \^ 
In the sequel we will need a few further assumptions. 

(— q(x, D), C^°(R n )) extends to the generator (A, D(A)) of a Feller semigroup. (Bl) 

Remark 11. For sufficient conditions when (Bl) is satisfied we refer to [21, Theorem 5.2], 
[20, Theorem 4.14], [23, Section 2.6] or the survey paper [24] and the references given there. 

Denote by (T t ) t>0 the Feller semigroup and by (X t ) t ^ the Feller process generated by 
(the extension of) —q(x,D). We set 

A t (x,0:=e-**T t ( e *')(a;). (32) 

Since q(x, £) is real- valued, X t (x, £) = \ t (x, — £) for all x, £ G R™ and t > 0. Writing p t (x, dy) 
for the transition function of the process, it is easy to see that each T t is a pseudo-differential 
operator with symbol \ t (x,£): 

T t u(x)= [ u(y) Pt (x,dy)= [ e* x \ t (x,0u(0dt, u G C£°(R n ). (33) 

From (33) we see that if \ t (x, •) G Li(R n ), the probability measures p t (x,dy) have densities 
p t (x,y) w.r.t. Lebesgue measure dy and we see, cf. [22, Theorem 3.2.1], that 

\\T t u\\ Loo ^ \\X t (x,-)\\ Ll ■ \\u\\ Loo ^ \\\t(x,-)\\ Ll ■ \\u\\ Ll . 

Thus, 

p t {x,y) ^ \\X t {x,-)\\ Ll , for all x,y E R n , t > 0, (34) 
and we can express p t (x,y) in terms of the symbol \ t (x,£): 

Pt (x,y)= [ e*< x -ti\ t (x,Z)dt. (35) 
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In addition to (Bl) we will also need 

X t (x, •) G Lx(R n ) for all x G R n , t > 0. 

sup / \y\ 2 N(z,dy) + sup / e ( ' y N(z, dy) < oo for all ( G R". 
zeR™ 7o<|j/|^i zeK. n J|2/|>i 

<|A t (a:,77)| for all £, G E n , t > 0. (B4) 



(B2) 
(B3) 



At(a;,77 + if) 



A t (x,i£) 

Note that (B3) entails that the process (X t )t^o has exponential moments. 

Lemma 12. Let —q(x, D) be a pseudo-differential operator satisfying (Bl) and (B3). TTien 
£/ie Feller process (X t ) t ^ generated by (the extension of) —q(x,D) admits exponential mo- 
ments: 

E x e c ' Xt = e Cy p t (x,y)dy < oo (36) 

for all( G E n andrr G R™. 

Proof. Write (^4, D(A)) for the generator of the process and its semigroup (T t ) t ^ . Since 
(X t ) t>0 is a Feller process we know that for all u G D(A) the process M" := u(X t ) — u(X ) — 
J* Au(X s ) ds is a martingale. In particular, 



T t u(x) — ■u(x) — — T s q(x, D)u(x) ds, 
Jo 



(37) 



for all u G Cg°(R n ). 

Let us show that (37) still holds for u(x) := u z ^(x) := cosh ((-(i-z)), ( G R ra . For 
this pick a sequence of test functions Xe G C^°(R n ), £ G IN, with 1b(o,£) ^ Xe ^ 1b(o,2^; 
observe that x H> ~ -2) cosn (C " ( x — z )) is m D(A). Therefore we can rewrite (37) in 
the following way 



Xe(X t - z) cosh (C • (X t - z)) 



1 



R"\{0} 



Xe(X s -x + y) cosh (( ■ (X s - x + y)) - xe(X s - x) cosh (C • (X s - x)) 



x N(X s ,dy) ds 



Since we are integrating with respect to Lebesgue measure ds and since s (->■ X s has almost 
surely at most countably many jumps, we may replace X s in the above formula by its left 
limit X s _. Moreover, set 



r k := inf {s ^ : \X S — x\ ^ k} . 
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Using optional stopping for the martingale M t n and writing XJ fe := X TkAs for the stopped 
process, we get from the identity above 



= w 



Xt(X?-x)co S h((-(X^-x))\ -1 

tATfc 

)N(X s _,dy)ds 



*/R™\{0} 

tATfc 



./R™\{0} 

tATfc 







N(X s _,dy) ds 



N(X s _,dy) ds + W 



tAr k 



N(X s _,dy)ds. (38) 



0<\y\^l 



|2/|>1 



Let us estimate the last two integrals separately. For £ ^ k + 1, |y| ^ 1 and s ^ A t we 
have x^(X s _ - x - y) = *<(X a _ - a:) = 1. Thus, 



tATfc 



J0<\y\^l 

tATfc 



■)\N(X 8 -,dy) ds 

/•tATfc >• 

/ / | cosh (C -(X^-x + y))- cosh (C • (X a _ - x))\ iV(X s _ , dy) rfs 

JO Jo<\y\^l 

^E X / cosh (C • (X s _ - a;)) • ( cosh(( ■ y) - l) N(X s _,dy) ds 

JO Jo<\y\^l 

^-|C| 2 e^E* / / cosh((-(X s _-x))\y\ 2 N(X s _,dy)ds 

1 Jo Jo<\y\^\ 

^ ^|C| 2 e lcl t supE*(cosh(C- (XT* -x))) sup / \y\ 2 N(z, dy) ds 

2 s<t zeR™ Jo<\y\^l 

where we used the elementary inequalities | cosh(a + 6) — cosh(a)| ^ cosh(a)(cosh(6) — 1) and 
cosh(fe) - 1 ^ \b 2 e\ b \. 

A similar calculation using the fact that \xt\ ^ 1 and cosh(a + b) < e'"' cosh(fr) yields for 
the second integral term in (38) 

F / \(---)\N(X 8 -,dy) ds 

Jo J\y\>l 

[ * [ ( |cosh (C • (X s _ -x + y))\ + |cosh (C • (AV - x)) \ )n(X s _, dy) ds 

Jo J\y\>l V J 

<t sup E x ( cosh (C-(Xl k _-x) )) sup I (e 1 ^ 1 + l) N(z,dy). 

s<t z£R™ J\y\>l 
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Because of (B3) we find a constant C = not depending on k or x such that for allt > 
W [cosh (C • (X t Tfc -x))]= sup W [xt{X? - x) cosh (C • (X? - x))] 

< 1 + t C sup E x [cosh (C • (X TfcAs „ - x))] 

< 1 + 1 C sup ( 7fc A E* [cosh (C • - x))] ) . 

where 7^ > sup^i^ cosh (C, ■ (y — x)). Since t > was arbitrary and since the right-hand 
side depends monotonically on t, the above calculation also gives 

sup E x cosh (C • (XJ fc - x)) < 1 + t C sup ( 7fc A E* cosh (C • - x))) . 

Estimating the left-hand side trivially from below, and choosing t < t < 1/(2(7), we find 

sup f 7fe A W cosh (C • (X T s k - x)) \ - - sup f 7fe A W cosh (( • (XJ fe - a;))) < 1. 

Note that (B3) entails that the generator —q(x,D) has bounded 'coefficients', i.e. the life- 
time of X t is a.s. infinite and lim^oo r k = 00, see [32]. By Fatou's Lemma we get 

sup E x cosh (C • (X s - x)) < 2 for all x G R™, i G (0, *„]■ 

Note that t = *o(C)- Now ^ i s a simple exercise using the Markov property to show that 

E x cosh (C • {X t - x)) < 00 for all t > 0. □ 

Here are some examples of Markov processes for which the conditions (B1)-(B4) are 
satisfied. 

Example 13. Let 




where (ajfc(x))" fe=1 is a symmetric positive definite matrix with bounded measurable coeffi- 
cients. It is known that there exists the transition density pf 1 ^ (x, y) of the diffusion semigroup 
associated with £, which satisfies Aronson's estimates, see [1] and [15], and which is jointly 
Holder continuous in x and y. Let tp^ be a continuous negative definite function satisfying 
the conditions of Theorem 6. Then the operator £ + ip^(D) satisfies (B1)-(B4). Indeed, 
in this case the symbol Xt(x, £) associated with L + ip^(D) is the product of two symbols, 
associated with L and with tp^(D), both satisfying (B1)-(B4). 
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Example 14. Consider a Markov process in R™ x R n , such that for every t > the 
characteristic function A t (x, £) has exponential affine dependence on x. That is, for every 
(t,0 G R+ x iR n+m there exist $(t,f) G C, tf(t,f) = (^ Y (t, 0, 0) e C m x C n , such 
that for all x G R™ x R n 

A t (x,0 = e* (t>c)+( * (t ' c) ' x) . (39) 

A Markov process X t with such a characteristic function is called an affine process. Such 
processes have been recently considered in mathematical finance, cf. [16]. 

If an affine process is regular — i.e. q(x,£) := dt\t(x, £) | exists for all x and all £ G 
{z = (zi,...,z m ) G C m : Imzj ^ 0,j = l,...,m} x R n and is continuous at £ = — , 
then X t is a Feller process, see [16, §8], hence (Bl) is satisfied. Since for affine processes we 
explicitly know the representation of the characteristic function, it is easy to find conditions 
in terms of $ and * such that (B2)-(B4) hold. For example, (B2)-(B4) are satisfied for 
$ = ty Y = 0, *& z (£) = (V't,i(£)) • • • > ^,n(0) where iJ)t,j(Q, J 1 — 1 • • • n > are continuous negative 
definite functions satisfying the conditions of Theorem 6 for all values of the parameter t. 

Note that (36) is equivalent to the finiteness of the following integral: 

w t {x, C) := In e x< e~ c ' y p t (x,y) dy = \n\ t (x,i() for all (el n , 
which is a convex function of (. Indeed, let < a < 1, (, £ G R". Then 
a In / e c ' y p t (x,y) dy + (1 - a) In / e^ y p t (x,y) dy 



(40) 



In 



e c ' y p t (x,y)dyj e^ y p t (x , y) dy 

^ln I e a<: - y+ ( 1 - a) t y p t (x,y)dy. 



l-a 



Since V c In / e^ y p t (x, y) dy 



C=o 



0, the function 



v t (x - y, x, C) := -C-(x-y) + In X t (x, <) = -(• y + In / e c ' h p t (x, h) dh (41) 



has a minimum, see [36, Proposition 47.12]. Define 



Co = Co(t,x,y) := argmintJ ( (i - y,x,()- 



(42) 



By construction, there exists the analytic extension of v t (x — y, x, •) to C n . This means that 
the arguments of Section 4 can be used to show the next theorem. 

Theorem 15. Let q(x,D) be defined by (29), and suppose that (B1)-(B4) are satisfied. 
Then the transition density of the probability measure associated with q(x, D) exists and 
satisfies 

Pt (x,y) ^ e^-^' c °)||A t (x,-)|k, for all x,y G R n , t > 0, (43) 
where v t (x — y,x,() and ( are defined by (41) and (42), respectively. 
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Proof. Since 

Pt(x,y)= [ e^ x -^\ t (x,OdC, (44) 

we can use, under our assumptions on \ t (x,£), the same approach as in Section 4. By 
Cauchy's theorem we get 

Pt(x,y)= [ e-^-^^Xtix^ + iCo)^. (45) 

Hence, by condition (B4), 



p t (x,y) ^ e Mx-y,x,<:o) f 



\ t (x,i() 
^ e v t (x- y , x ,( ) f \x t ( Xjr] )\dr], 



drj 



which proves (43). □ 

We can get an upper bound for the transition density p t (x,y) in terms of the symbol 
q(x, and some remainder term. For this we need further assumptions, e.g. that the symbol 
of the generator belongs to a certain symbol class introduced in [19], see also [23, Definitions 
2.4.3 and 2.4.4]. 

To state the corollary of Theorem 15 we need a few basic facts of symbol classes. Let 
p(\a\) := \a\ A 2. 

Definition 16. i) A continuous negative definite function ip : R ra — > R belongs to the 
class A if for all a£N„ there exists a constant ci„i > such that 



1^(1 + ^0)1^^1(1 + ^(0)^- (46) 



holds for all f G R" 



ii) Let m G R, ip G A. A C°°-function q : R n x R n ->■ C is a symbol in the class S^(R n ) 
if for all a, (5 G Nq there are constants c a p ^ such that 



\%%q(x,Z)\ < ^(1 + ^(0)"^ (47) 



holds for all (,i6 R™. 



If p = we will simply write S™ (R n ). From now on we will also assume that the symbol 
q G S 2 / (R n ) satisfies 

^ c r (1 + ^(0) for ^ G R™ and sufficiently large |£| ^ r. (B5) 
where *0 G A and ^(0 ^ Ci|£| K for some k > 0. 
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Note that (B5) implies (Bl), i.e. (q(x, D), C^°(R n )) extends to the generator of a Feller 
semigroup, see [23, Theorem 2.6.9]. By Theorem 2.8 from [7] we can decompose Xt(x, £) in 
the following way. 

\ t (x,0 = e- t ^+r(t,x,0, (48) 

where r(t,x,£) — > weakly in S' " 1 '^(R ri ) as t — > 0. 

Assume that (B2), (B3) and (B5) hold. Then r(t,x,£) E Li(R"), and by (35) 

pt(x,y)= [ e ^ {x - y) - tq{x ^ d£ + [ e*< x - y) r(t,x,£)dt. (49) 
This allows us to formulate the following corollary of Theorem 15. 

Corollary 17. Let q G Sj^(R n ), and suppose that (B2), (B3) and (B5) are satisfied. Then 
the transition function of the Feller process generated by —q(x,D) has a density p t (x , y) , and 
for all x,y eR n , t > 0, 

p t (x, y) ^ e Vt(x - y ^ o) [ e- tq{x 'V d£ + I e^ x - y) r(t, x, d£, (50) 

where v t (x — y, x, () := — ( • (x — y) — tq(x, i(), and ( := argmin^ v t (x — y, x, (). 
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